An improved transverse shear stiffness for vibration and buckling analysis of functionally graded sandwich plates based on the first-order shear deformation theory is proposed in this paper. The transverse shear stress obtained from the in-plane stress and equilibrium equation allows to analytically derive an improved transverse shear stiffness and associated shear correction factor of the functionally graded sandwich plate. Sandwich plates with functionally graded faces and both homogeneous hardcore and softcore are considered. The material property is assumed to be isotropic at each point and vary through the plate thickness according to a power-law distribution of the volume fraction of the constituents. Equations of motion and boundary conditions are derived from Hamilton's principle. The Navier-type solutions are obtained for simply supported boundary conditions, and exact formulae are proposed and compared with the existing solutions to verify the validity of the developed model. Numerical results are obtained for simply supported functionally graded sandwich plates made of three sets of material combinations of metal and ceramic, Al/Al 2 O 3 , Al/SiC and Al/WC to investigate the effects of the power-law index, thickness ratio of layer, material contrast on the shear correction factors, natural frequencies and critical buckling loads as well as load-frequency curves.
Introduction
Sandwich structures are a class of composite materials in that they have a core material which is bonded to, and faced with a skin material. These structures are used in a wide variety of applications including aircraft, aerospace, naval/marine, construction and transportation industries where strong stiff and light structures are required. Practically however, due to the mismatch of properties between the face sheets and the core, stress concentrations can occur at these interfaces, often leading to delamination, which is a major concern. 1,2 To overcome this problem, the concept of functionally graded (FG) sandwich structure is proposed. This structure can be categorized into two classes: FG facesheet homogeneous core and homogeneous facesheet FG core.
Due to increasing of FG material applications in engineering fields, many computational models have been developed for predicting the response of FG plates. The classical plate theory has been used for buckling and vibration analysis of FG thin plates. [3] [4] [5] [6] [7] [8] However, for moderately thick plates, it overestimates buckling loads and natural frequencies due to the negligence of the effect of transverse shear deformation. The first-order shear deformation theory (FSDT) accounts for the transverse shear deformation effect, but requires a shear correction factor to correct the shear stress and force. [9] [10] [11] [12] [13] [14] To overcome this adversity, many higher order shear deformation plate theories (HSDTs) have been proposed based on the assumption of higher order variations of displacements. [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] Although the shear stresses are refined through the thickness direction in HSDTs, their equations of motion are much more complicated than those of FSDT due to involving higher order terms.
Although there are several research works reported on FG plates, the studies on buckling and vibration of FG sandwich plates are few in number, most of which used the HSDTs. The sinusoidal shear deformation theory was applied by Zenkour 28 for buckling and free vibration of a simply supported FG sandwich plate. Li et al. 29 proposed a three-dimensional (3D) vibration analysis of FG sandwich plates with FG faces and both homogeneous hardcore and softcore. Meiche et al. 30 proposed an FG sandwich plate model for buckling and vibration using a new hyperbolic shear deformation theory. Based on a new four variable refined plate theory, Bourada et al. 31 considered the thermal buckling of FG sandwich plates. Xiang et al. 32 used an n-order shear deformation theory for free vibration of FG and composite sandwich plates. Natarajan and Manickam 33 proposed an accurate theory for bending and vibration of FG sandwich plates in which two common types of FG sandwich plates were considered. Neves et al. 34 studied static, free vibration and buckling behaviour of isotropic and sandwich FG plates using a quasi-3D higher order shear deformation theory and a meshless technique.
This paper, which is extended from the previous works, 35, 36 aims to study vibration and buckling analysis of FG sandwich plates with improved transverse shear stiffness based on the FSDT. Here, the transverse shear stress is derived from expression of the in-plane stress and equilibrium equation and thus, its improved shear stiffness is then obtained analytically. Sandwich plates with FG faces and both homogeneous hardcore and softcore are considered. The material property is assumed to be isotropic at each point and vary through the plate thickness according to a power-law distribution of the volume fraction of the constituents. Equations of motion and boundary conditions are derived from Hamilton's principle. The Navier-type solutions are obtained for simply supported boundary conditions, and exact formulae are proposed and compared with the existing solutions to verify the validity of the developed theory. Numerical results are obtained for simply supported FG sandwich plates made of three sets of material combinations of metal and ceramic, Al/Al 2 O 3 , Al/ SiC and Al/WC to investigate the effects of the power-law index, thickness ratio of layer, material contrast on the shear correction factors, natural frequencies and critical buckling loads as well as loadfrequency curves.
Problem formulation
Consider a three-layer sandwich plate as in Figure 1 . The face layers are made of a ceramic-metal isotropic material whose properties vary smoothly through the thickness according to the volume fractions of the constituents. The core layer is constituted by an isotropic homogeneous material. The vertical positions of the bottom and top surfaces, and of two interfaces between the layers are denoted by
Here, h is the plate thickness, h 1 , h 2 vary according the thickness ratio of layers, e c ¼ h 2 À h 1 is the core thickness and e ft ¼ h 3 À h 2 , e fb ¼ h 1 À h 0 the thicknesses of top and bottom face, respectively. All formulations are performed under the assumption of a linear elastic behaviour and small deformations of materials. The gravity is not taken into account. The Greek indices are assumed to range within {1, 2} while the Latin indices take values {1, 2, 3}.
Effective material properties
Voigt's model 37 is used to calculate the effective material properties of FG sandwich plates according to the power-law form. The mixture of the two materials according to Voigt's model through the plate thickness is given by
where P t and P b are Young's moduli (E), mass densities () of materials located at the top and bottom surfaces, and at the core of the plate, respectively, the volume fraction function V ð j Þ b defined by the power law as follows:
where p is a power-law index, which is positive. Distribution of material with V b through the plate thickness according to the power-law form for six cases of the thickness ratio of layer is presented in Figure 2 .
Improved transverse shear stiffness
The displacement field of the FSDT is given by the following expressions: where u o and are the membrane displacements and rotations, w o denotes the transverse displacement of the plate. The membrane strains and in-plane stresses are related by the constitutive equation:
where Q ð j Þ ðzÞ are the components of the reduced elasticity tensor of the jth-layer at location z, and o and are the membrane strains and curvatures of the plate, respectively. They are related to the membrane displacements u o and rotations as follows:
where the comma indicates partial differentiation with respect to the coordinate subscript that follows. Moreover, the generalized stresses (N , M ) are associated with the in-plane stresses ð j Þ :
That leads to the constitutive equations of the FG sandwich plates:
where (A g , B g , D g ) are the stiffnesses of the FG sandwich plates given by
The inversion of equation (6) enables to derive the membrane strains according to the generalized stresses as follows:
where (a g ,b g ,d g ) are the components of the compliance matrix. The matrices Q, A, B, D, a, b and d can be explicitly expressed in terms of the functions E (j) (z) and n (j) (z) describing Young's modulus and Poisson's ratio of the jth-layer at z, respectively.
Moreover, it appears that the matrix b is symmetric owing to the fact that the material properties are isotropic. Substituting equation (8) where n ð j Þ ðzÞ, m ð j Þ ðzÞ are the components of the localization tensors that are expressed as
Furthermore, it is well known that the calculation of the transverse shear stresses from the constitutive equations is not realistic because of the assumption of a constant shear strain through the plate thickness. The transverse shear stresses should be derived from the equilibrium equations:
where the integration coefficients are selected to satisfy the boundary condition for shear stresses at the upper and lower surfaces of the plate. Substitution equation (9) into equation (11) conducts to the following relationship:
wherẽ n ð j Þ ðzÞ ¼ À
Using the equilibrium equations of the plate M , À Q ¼ 0, N , ¼ 0 À Á , neglecting the weak terms: M 22,1 , M 11,2 , M 12,1 , M 12,2 and omitting the derivative effect of the membrane resultants, the transverse shear stresses given in equation (12) can be simplified as follows in the Cartesian coordinate system (x, y, z):
Equation (14) corresponds to two assumptions of cylindrical flexion around the y and x-axes. 38 It should be noted thatm ð j Þ 1111 ðzÞ ¼m ð j Þ 2222 ðzÞ due to the isotropic properties of materials. In practice, equation (14) is very often used to compute the shear stress of homogeneous plates with a quadratic form ofm ð j Þ 1111 ðzÞ andm ð j Þ 2222 ðzÞ, especially when commercial finite element packages are used. Moreover, the consideration of the balance of the transverse shear strain energy 35 by taking into account the shear stresses in equation (14) allows to derive the expression of an improved transverse shear stiffness for FG sandwich plates (
where G ð j Þ ðzÞ ¼ E ð j Þ ðzÞ=2½1 þ ð j Þ ðzÞ is the shear modulus of the jth-layer at location z and there is no coupling between the shear strains in two directions (H 45 ¼ 0). Moreover, it is well known that the FSDT plate models require an appropriate shear correction factor to calculate the transverse shear force.
The discussion of this topic for the plates can be found in Berthelot 39 and Vlachoutsis. 40 Taking into account equation (15) , the shear correction factor ( 44 ¼ 55 ¼ ) is given by
where it takes the five-sixth value for homogeneous plates. However, equation (16) shows that the shear correction factor depends on the material properties of FG through the plate thickness. Moreover, the use of the improved shear stiffnesses in equation (15) can provide a better evaluation of transverse shear forces.
Motion equations of FG sandwich plates
The differential equations of dynamic equilibrium of the FG sandwich plates without transverse loads can be derived from Hamilton principle as follows:
where the over dot indicates partial differentiation with respect to time. The inertia terms I 0 , I 1 , I 2 are expressed by
Substitution of equation (6) into equation (17) by
5Þ leads to the differential equations of motion of FG sandwich plates:
s is the acceleration vector. The stiffness matrix K st , geometry stiffness matrix K g and mass matrix M are given as follows:
Analytical solution for simply supported FG sandwich plates
The Navier solution procedure is used to obtain the analytical solutions for simply supported boundary conditions. For this purpose, the displacement functions are expressed as product of undetermined coefficients and known trigonometric functions to satisfy the governing equations and boundary conditions. Consider a rectangular FG sandwich plate with inplane lengths, a and b in the x and y-directions, respectively ( Figure 1 ). The Cartesian reference coordinates (x, y, z), and displacement components
For a simply supported rectangular plate, the boundary conditions are
given by
These boundary conditions allow to approximate the rotational and transverse displacements as following expansions:
where ¼ r=a, ¼ s=b, o is natural frequency of the plate and ffi ffi i p ¼ À1 the imaginary unit. Assuming that the plate is subjected to in-plane loads of form:
are non-dimensional load parameters),N xy ¼ 0. By substituting equations (23) to (27) into equation (19) and collecting the displacements and acceleration for any values of r and s so that U T rs ¼ fu 0 rs , v 0 rs , w 0 rs , x 0 rs , y 0 rs g, the following eigenvalue problem is obtained:
where the stiffness matrix K st , geometry stiffness matrix K g and mass matrix M associated with the vector U rs are expressed by
where
Buckling of FG sandwich plates. For buckling analysis, by neglecting mass matrix M, the stability problem can be simplified as the following eigenvalue one:
To obtain a non-trivial solution, the determinant of the matrix K st þ K g is set equal to zero, from which the critical buckling loads (N cr ) of FG sandwich plates can be derived.
Free vibration of FG sandwich plates. For vibration under in-plane loads, the following eigenvalue problem is obtained:
To obtain the non-trivial solution, the determinant should be zero, that is, jK st ij þ K g ij À ! 2 M ij j ¼ 0. By solving the achieved equation, the values of natural frequencies, mode shapes and load-frequency curves of simply supported FG sandwich plates can be derived.
Numerical results and discussion
In this section, a number of numerical examples are analysed for verification of the accuracy of present study and investigation of the natural frequencies, critical buckling loads and load-frequency curves of simply supported FG sandwich plates. Unless mentioned otherwise, FG sandwich plates with b=h ¼ 10 made of three sets of material combinations of metal and ceramic, Al/Al 2 O 3 , Al/SiC and Al/WC are considered. Their material properties are given in Table 1 and corresponding shear correction factors are shown in Table 2 . Two cases of FG sandwich plates are studied:
. Hardcore: homogeneous core with Al 2 O 3 or SiC or WC (E b , n b , b ) and FG faces with top and bottom surfaces made of Al (E t , n t , t ).
. Softcore: homogeneous core with Al (E b , n b , b ) and FG faces with top and bottom surfaces made of Al 2 O 3 or SiC or WC (E t , n t , t ).
For convenience, the following non-dimensional critical buckling loads, natural frequencies and the relative error (%) are used:
Error ð%Þ ¼
where P c and P m are the results obtained from the present model and from the 5/6 shear correction factor model, respectively.
Verification studies
For verification purpose, the natural frequencies and critical buckling loads of Al/Al 2 O 3 sandwich plates with homogeneous hardcore are calculated. Three different types of in-plane loads, uniaxial compression (R 1 ¼ À1, R 2 ¼ 0), biaxial compressions Table 2 . Effect of the power-law index p and thickness ratio of layer on shear correction factors for various FG sandwich plates with homogeneous hardcore and softcore.
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Thickness ratio of layer (R 1 ¼ À1, R 2 ¼ À0.5) and (R 1 ¼ À1, R 2 ¼ À1) are considered for buckling analysis. Comparisons are given in Tables 3 and 4 on the basis of the symmetric (1-2-1) and non-symmetric (2-2-1) types of sandwich plates. The natural frequencies increase as the mode number increases while the critical buckling loads decrease with increasing aspect ratio (b/a) and R 2 . It can be seen that the present approach using k ¼ 5/6 almost gives the identical results as Zenkour 28 based on FSDT. Besides, a good agreement between present solution and those obtained by the HSDT 28 particularly at the higher modes of vibration can be observed and discrepancy between them is also considerable.
To demonstrate the accuracy and validity of the present study further, Tables 5 to 8 
Parameter studies
Parameter studies are carried out to investigate the effects of the improved shear stiffness on the natural frequencies, critical buckling loads and loadfrequency curves. The (1-2-1) Al/Al 2 O 3 , Al/SiC and Al/WC sandwich plates with homogeneous hardcore and softcore are considered. Figures 3 and 4 show the first three natural frequencies and critical buckling loads of Al/Al 2 O 3 sandwich plate versus the powerlaw index under different types of loadings. Some major deviations are observed between the results of present model and that with k ¼ 5/6, which implies that the effect of improved shear stiffness becomes important and cannot be neglected, especially for sandwich plate with homogeneous softcore. The critical buckling loads are the highest when (R 1 ¼ À1, R 2 ¼ 1) and are the lowest when (R 1 ¼ À1, R 2 ¼ À1) for a specified side-to-thickness ratio. Effects of the side-to-thickness ratio and power-law index on the fundamental frequency and critical buckling load of FG sandwich plate are plotted in Figures 5 and 6 . Three groups of curves are seen, for vibration analysis, the highest group is for Al/SiC sandwich plate and the lowest group is for Al/WC one; however, for buckling analysis, the highest group is for Al/WC one and the lowest group is for to Al/Al 2 O 3 , respectively. The effects of the power-law index and aspect ratio on the natural frequencies and critical buckling loads of sandwich plates are also summarized in Tables 6 to  14 . It can be seen that with the increase in the powerlaw index, the natural frequencies and critical buckling loads decrease for sandwich plate with homogeneous hardcore, and increase for sandwich plate with homogeneous softcore. This is due to the fact that higher values of power-law index correspond to high portion of metal in comparison with the ceramic part for homogeneous hardcore and inversely for homogeneous softcore. The increase in the aspect ratio not only leads to the decrease in the critical buckling loads, but also causes the changes in corresponding mode shapes. For instance, for the square plate under biaxial compression and tension
Þ , the critical buckling load occurs at (r, s) ¼ (2, 1). Since there is no reported work for the vibration and buckling of Al/Al 2 O 3 , Al/SiC and Al/WC sandwich plates with homogeneous hardcore and softcore in a unitary manner as far as the authors know, it is believed that the tabulated results will be a reference with which other researchers can compare their results.
The next example is the same as before except that in this case, the effect of in-plane loads on the fundamental natural frequency is investigated. The lowest load-frequency curves of (1-2-1) rectangular FG sandwich plates with the power-law index p ¼ 10 are plotted in Figures 7 and 8 . All natural frequencies diminish as in-plane loads change from tension to compression, which implies that the tension loads have a stiffening effect while the compressive loads have a softening effect. The fundamental natural frequencies are the smallest for Al/WC sandwich plates and the largest for Al/SiC ones. However, as the inplane loads increase, they decrease and interaction curve (Al/WC) intersects two other curves (Al/ Al 2 O 3 ) and (Al/SiC) at ( N 0 ¼ 2.2521, ! ¼ 2.0167) and ( N 0 ¼ 2.6857, ! ¼ 1.8138), respectively, for homogeneous softcore (Figure 8(b) ), thus, after these values, this order is changed. Finally, they vanish at 3.0961, 3.3106 and 4.5244, which correspond to the critical buckling loads of Al/Al 2 O 3 , Al/ SiC and Al/WC sandwich plates with homogeneous softcore, respectively. Figures 7 and 8 also explain the duality between critical buckling load and fundamental natural frequency, which is the characteristic of load-frequency curves. In order to investigate the effect of improved shear stiffness on vibration and buckling analysis further, Figures 9 to 12 display the relative error of the natural frequencies and critical buckling loads of FG sandwich plates with homogeneous softcore with respect to the thickness ratio of layer (e c /e f here e ft ¼ e ft ¼ e f ), power-law index p and side-to-thickness ratio (b/h).
From these figures it confirms that the effect of improved shear stiffness is more pronounced in buckling analysis than vibration one. It appears that with a specified material contrast, the maximum relative error can be found for thickness ratio of layer e c / e f ¼ 2 corresponding to 1-2-1 FG sandwich plates (Figure 9 ). For such plates, with the increase in the material contrast and power-law index, the improved shear stiffness decreases, thus, the relative error increases. This error for critical buckling loads is much higher than natural frequencies. Indeed, for p ¼ 20, with SiC/Al sandwich plate, the relative differences are À5.52% for the fundamental frequency and À11.01% for the critical buckling load, while with WC/Al one, these deviations are À9.82% and Table 7 . Non-dimensional critical buckling load ( N cr ) of square Al/Al 2 O 3 sandwich plates subjected to biaxial compressive loads (R 1 ¼ À1, R 2 ¼ À1Þ with homogeneous hardcore and softcore.
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p Theory N cr
Hardcore 0 Present 6.50224 6.50224 6.50224 6.50224 6.50224 6.50224 Present (k ¼ 5/6) 6.50224 6.50224 6.50224 6.50224 6.50224 6.50224 Meiche et al. 30 (FSDT) 6.50224 6.50224 6.50224 6.50224 6.50224 6.50224 Meiche et al. 30 À19.26%, respectively ( Figure 10 ). Relative error with respect to the power-law index for the first three natural frequencies is also plotted in Figure 11 . The diagram shows that the relative error becomes more important for higher modes. Finally, effect of side-to-thickness ratio on the natural frequencies and critical buckling loads is plotted in Figure 12 . It is evident from this figure that the improved shear stiffness is very effective in a relatively large region up to the point where this ratio reaches a value of Table 13 . The first three non-dimensional natural frequencies ( !) of (1-2-1) Al/WC sandwich plates with homogeneous hardcore and softcore.
b/a Mode (r,s) Theory p 0 0.5 1 5 10 Table 14 . Non-dimensional critical buckling load ( N cr ) of (1-2-1) Al/WC sandwich plates with homogeneous hardcore and softcore.
Core (R 1 , R 2 ) b/a Theory p 0 0.5 1 5 10 Figure 8 . Effect of in-plane loads on the non-dimensional fundamental frequency of (1-2-1) rectangular FG sandwich plates (b/a ¼ 2, p ¼ 10) with homogeneous (a) hardcore and (b) softcore (R 1 ¼ À1, R 2 ¼ 0). Figure 11 . Relative error (%) of the first three natural frequencies of (1-2-1) square sandwich plate with homogeneous softcore with respect to the power-law index p: (a) Al/SiC and (b) Al/WC. Figure 9 . Relative error (%) of the (a) critical buckling loads (R 1 ¼ À1, R 2 ¼ 0) and (b) fundamental frequencies of square FG sandwich plates with homogeneous softcore with respect to the thickness ratio of layer e c /e f (p ¼ 10).
(a) (b) Figure 10 . Relative error (%) of the (a) critical buckling loads (R 1 ¼ À1, R 2 ¼ 0) and (b) fundamental frequencies of (1-2-1) square FG sandwich plates with homogeneous softcore with respect to the power-law index p.
b/h ¼ 30, which confirms again that the present improved shear stiffness should be taken into account in analysis of FG sandwich plates.
Conclusion
Vibration and buckling analysis of FG sandwich plates with homogeneous hardcore and softcore based on the FSDT have been investigated in this paper. The material property is assumed to be isotropic at each point and vary through the plate thickness according to a power law. The improved shear stiffness and associated shear correction factors are presented. The effects of the power-law index, thickness ratio of layer, aspect ratio and material contrast on the shear correction factor, critical buckling load, natural frequency and load-frequency curves of simply supported FG sandwich plates are investigated. The numerical results indicate that the shear correction factor is not the same as that of the homogeneous sandwich plate, it is a function of the powerlaw index, material contrast. Consequently, that leads to the differences in the fundamental natural frequency and critical buckling load between the present model and others using the five-sixth shear factor. This deviation is significant for FG sandwich plates with softcore, especially for high material contrast while this effect can be neglected for FG sandwich plate with hardcore.
